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Example 1
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f (t) ~a, +a,Cos(t)+bSin(t)

f (t)~a, +aCos(t)+
f,(t) ~a, +aCos(t) +

0,SIN(t) +a,Cos(2t) +

0,SIN(t) +a,Cos(2t) +

+a,Cos(3t) +b,Sin(3t) + a,Cos(4t) +

tforO<t<gr
f(t)=
nforz<t<27z(=T)

0,SIN(2t)
0,SIN(2t)

0,S1IN(4t)



Frequency and Time Domain

TRE amplitude (vertical axis) of a given periodic function
can be plotted versus time (horizontal axis), but it can
also be plotted in the frequency domain as shown in
Figure 2.

55555555555

Phase angle (in radians)

K Ky K K Y5 o éfuféfu g 1 o, o
(a) Amplitude (b) Phase

Figure 2 Periodic function (see Example 1 in Chapter 11.02
Continuous Fourier Series) in frequency domain.



i Frequency and Time Domain cont.

Figures 2(a) and 2(b) can be described with the
following equations from chapter 11.02,

f(t)= ki_ C, ™" (39, repeated)

where

C, = (ij{i F(t)x eikwotdt} (41, repeated)



i Frequency and Time Domain cont.

For the periodic function shown in Example 1 of
Chapter 11.02 (Figure 1), one has:

C, = (1j{]zt x e dt + Zjﬂ T X ei“dt}



i Frequency and Time Domain cont.

Define:

A= [txe™dt = tx(__lje‘“ + (itjeiktdt

O —

or
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i Frequency and Time Domain cont.

B = Z”e—iktdt: gkt _ﬂj
" {( T }

Also,



Frequency and Time Domain cont.

Thus: (’;‘k _ (1J{A+ B!

27T

é‘k :(1) eikﬂ'(m_l_ 1 _m)_l_l_(mjeikZﬂ'
27 k k* k) k* \k
Using the following Euler identities
e =cos(—kz)+isin(—kx)

= cos(kz) —isin(kx)

= cos(kr)
=cos(k2x)—1sin(k2z) = cos(k2x)

—ik27x

€
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i Frequency and Time Domain cont.

Noting that cos(k2z) =1 for any integer K

C, = (Zlﬂj{Cos(kyz) x (klzj _ k12 + (ijOS(R\ZgJT)}



i Frequency and Time Domain cont.

Also, )
—1 for k = odd number (=13,5,7,...)
cos(kr) =+
+1 for k =even number (=2,4,6,8,...)
Thus,

C, = (zjkzj[(—l)k —1]+(21kji
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Frequency and Time Domain cont.

From Equation (36, Ch. 11.02), one has

ék _ d, —2|bk

Hence; upon comparing the previous 2 equations,

one concludes:
1
a = —1 ‘ -1
k (lzj[( ) 1]

=)

(36, repeated)
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i Frequency and Time Domain cont.

Fork =1,2,3,4...8; the values for @_and bk

(based on the previous 2 formulas) are exactly

Identical as the ones presented earlier in Example

1 of Chapter 11.02.
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i Frequency and Time Domain cont.

Thus:




i Frequency and Time Domain cont.

= _a-ib (ij ‘(;):(-1)+1.

|
Or) 6
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Frequency and Time Domain cont.

+

C

_aﬁ_ibes _O_I(
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i Frequency and Time Domain cont.

In general, one has

-

K°m

+(21kji for k =1,3,5,7,..= odd number

[

(21kjl for k =2,4,6,8,.. = even number

20
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Lecture # 6

Chapter 11.03: Complex number In
i polar coordinates (Contd.)

In Cartesian (Rectangular) Coordinates, a
complex number Ck can be expressed as:

6k — Rk +(Ik)i

In Polar Coordinates, a complex number Ck can
be expressed as:

~

C, = Ae” = A{cos(@) +isin(0)} = {Acos(0)}+ {Asin(0) }

29



Complex number In polar coordinates cont.

hus, one obtains the following relations between
the Cartesian and polar coordinate systems:

R, = Acos(d) I, = Asin(0)
This Is represented graphically in Figure 3.

maginary Component
I,

K | !*
é

O B Real Component
\j R

Figure 3. Graphical representation of the complex number
system in polar coordinates.
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i Complex number in polar coordinates cont.

Hence

RZ +12 = A?cos?(6)+ A%sin®(0) = A*[cos?(0) +sin?(6) ]

cos(6) = I} = 0 = cos{iﬁj and

sin(@) = IAK\ = 0= sinl(lpk\j



i Complex number in polar coordinates cont.

Based on the above 3 formulas, the complex numbersC,
can be expressed as:

6 — __1 + (;)I — (0_59272353)ei(2.13770783)

1
7T

32



i Complex number in polar coordinates cont.

Notes: ~
(a) The amplitude and angle C, are 0.59 and

2.14 respectively (also see Figures 2a, and /g\\ .
2b in chapter 11.03). KJ

(b) The angle @ (in radian) obtained from

Cos(0) = FX will be 2.138 radians (=122.48°).

However based on Sin(6) :IAK\

Then € = 1.004 radians (=57.52°).

Im

33



i Complex number in polar coordinates cont.

Since the Real and Imaginary components of @ are
negative and positive, respectively, the proper selection
for @ should be 2.1377 radians.

62 =0 +j]_-' — (025)61(2) _ (0.25)ei(1.57079633)

63 — (_1) + }| — (O_17037798)ei(1.77990097)
Or) 6

34
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i Complex number in polar coordinates cont.

54 =O+1
3

I

7T

257

('f6=0+i
12

10

j — (0.08333333)6(

z
2

= (0.125)¢' ) = (0.125)e

C5 :( -1 j = 1 3 (O.100807311)ei(1.69743886)

) — (008333333)e| (1.57079633)
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i Complex number in polar coordinates cont.

67 :( _1 j = 1 i _ (0.07172336)ei(1.66149251)
497z ) 14

y 1. iZ
C8=O+E =(0.0625)e()
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Lecture # 7

Chapter 11. 03: Non-Periodic

Functions (Contd.)

Recall

—~

C =

Define

|

1
=

f (t) _ sz:oo ékeikwot

){} f(t) x e‘kwotdt}

T

F(ikw,) = [ f(t)e " dt

2

(39, repeated)

(41, repeated)

(1)



i Non-Periodic Functions
Then, Equation (41) can be written as

—~

(1) -,
C, = jx F (1kw;)
\ T

And Equation (39) becomes

f(t) = i ('I%jx If(ikwo)eikwOt
k=—00
From above equation
fp(t)=_1lim f(t)=lim Z (Af ) x F (ikw, )™

orAf —0

or
fop(8) = lim 3 (Af)x F(ik27Af )e**~"



i Non-Periodic Functions cont.

From Figure 4,
k( @ky)=H @f)

KAF = f iy e
f(t) = [df x F(i2af )e’*" T
f. (t) = [F(i2Af )e*"df
A; sz 3A.f ® k‘Af > f = frequency
< Af“;‘{Af‘( Af‘;< >< Af‘;

Figure 4. Frequency are discretized.

47



i Non-Periodic Functions cont.

Multiplying and dividing the right-hand-side of the
equation by 27 , one obtains

fo(t)= ( jIF(IW )e"*'d(w,); inverse Fourier
27 transform

Also, using the definition stated in Equation (1), one gets

F(iw,) = | f_(t)e™"d(t) ; Fourier transform

48
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