Chapter 11.02
Continuous Fourier Series

For a function with period 7', a continuous Fourier series can be expressed as [1-5]
F(0)=a, +_a, cos(kw,t) + b, sin(kw,?) (1)
k=1
The unknown Fourier coefficients a,, a, and b, can be computed as

1 T
a, =|— t)dt 2
; ( T] j /(o 2)
Thus, a,can be interpreted as the “average” function value between the period interval
[0,7].
2 T
a, = (?J j £ () cos(kw,t)dt (3)
0

=a_, (hence a,isan “even” function)

PAY :
b, = (?J j £(0) sin(kw,t)dt (4)
0
=-b_, (hence b, is an “odd” function)
Derivation of formulas for a,, a, and b,

Integrating both sides of Equation 1 with respect to time, one gets

T T T » T «
j F(t)dt = j aydt + j > a, cos(kw,)dt + j > by sin(kw,t)dt (5)

0 0 0 k=1 0 k=1
The second and third terms on the right hand side of the above equations are both zeros, due
to the result stated in Equation (1) of Chapter 11.01.

Thus,
[ rde =[az]; (6)

=a,l’
Hence,

ay = Gjif(t)dt 7)
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Now, if both sides of Equation (1) are multiplied by sin(mw,t)and then integrated with
respect to time, one obtains

T T T »
j £(t) x sin(mw,t)dt = jao sin(mw,t)dt + j > a, cos(kw,t)sin(mw,t)dt
0 0 0 k=1
. (8)
+ [ Db, sin(ow,t) sin(mw,t)dt

0 k=l
Due to Equations (1) and (3) of Chapter 11.01, the first and second terms on the right hand
side (RHS) of Equation (8) are zero.

Due to Equation (4) of Chapter 11.01, the third RHS term of Equation (8) is also zero, with
the exception when k =m, which will become (by referring to Equation (2) of Chapter
11.01)

j £ (@) sin(hkwyt)dt =0+0+ j b, sin’ (kw,t)dt (9)

Thus,
b, = (;M £ () sin(kw,t)dt

Similar derivation can be used to obtain a, , as shown in Equation (3)

A FORTRAN Program for finding Fourier Coefficients «,, a,, and b,

Based upon the derived formulas for a,, a, and b, (shown in Equations 2-4), a

FORTRAN/MATLAB computer program has been developed. (The program is available at
http://numericalmethods.eng.usf.edu/simulations/mtl/11{ft/f coeff final.m)

Example 1

Using the continuous Fourier series to approximate the following periodic function (7 =27
seconds) shown in Figure 1.


http://numericalmethods.eng.usf.edu/simulations/mtl/11fft/f_coeff_final.m�
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Figure 1 A Periodic Function (Between 0 and 27 ).
tforO<t<nr

mforr<t<2m

f(t)={

Specifically, find the Fourier coefficients a,q,,....,a; and b,,...,b;.

Solution

The unknown Fourier coefficients a,,a, and b, can be computed based on Equations (2—4);

as following:

1 2z

a, = (?j j f(t)dt
0
1 Vg 27
=—~<x< | tdt + | 7dt

o=y )
a, =2.35619

2 T=2r
a, = ?j { £(8) cos(kw,t)dt
T 27
a, = ijx {Itcos(k xz—ﬂx tjdt + J.ﬂ' X cos(k xz—ﬂx t]dt}
2 0 T - T
T 2
a, = lj X {I t cos(kt )dt + I;z cos(kt)dt}
0 T

T

The “integration by part” formula can be utilized to compute the first integral on the right-
hand-side of the above equation.

For k =1,2,....,8, the Fourier coefficients a, can be computed as
a, =—0.6366257003116296
a, =-5.070352857678721x10™° = 0
a, =—0.07074100153210318



a, =—5.070320092569666 x10™° ~ 0
as; =—0.025470225589332522

a, =-5.070265333302604x10° ~ 0
a, =-0.0012997664818977102

a;, =—5.070188612604695x10°° ~ 0
Similarly,

b, = (%j ! £ (@) sin(how,t)dt

b, = (lj x {j tsin(kt )dt + Tn sin(kt)dt}

T

For k =1,2,....,8, the Fourier coefficients b, can be computed as
b, =—-0.9999986528958207
b, =—-0.4999993232285269
b, =—-0.3333314439509194
b, =—-0.24999804122384547
by, =—0.19999713794872364
by =—0.1666635603759553
b, =—0.14285324664625462
by =—0.12499577981019251
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Any periodic function f(¢), such as the one shown in Figure 1 can be represented by the

Fourier series as

f(t)=a,+ i {a, cos(kw,t)+ b, sin(kw,t)}

k=1

where a,, a, and b, have already been computed (for £ =1,2,.....8,);
and w, =27/

2z

T

2z

o

=1
Thus, for k£ =1, one obtains

f,(t) = a, + a, cos(t) + b, sin(t)
For k =1— 2, one obtains

£, (t) = a, +a, cos(t) + b, sin(t) + a, cos(2t) + b, sin(2¢)
For £ =1— 4, one obtains

7 () =a,+a, cos(t)+b, sin(t) + a, cos(2t) + b, sin(2t) + a, cos(3¢) + b, sin(3t)

+a, cos(4t) + b, sin(4t)



Plots

4
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for £,(¢), f,(t) and f,(¢) are shown in Figure 2.
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Figure 2 Fourier Approximated Functions (for Example 1).

It can be observed from Figure 2 that as more terms are included in the Fourier series, the
approximated Fourier functions are more closely resemble the original periodic function as
shown in Figure 1.

Example 2

The periodic triangular wave function f(¢) is defined as

Find

-7 -7
—for — 7w <t<—
2 2

-7 i
—t for —<t<—
2 2

f(=

-7 b
—for —<t<rx
2 2

the Fourier coefficients a,,q,,...,a;, and b,,..,b; and approximate the periodic

triangular wave function by the Fourier series.
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Figure 3 Periodic triangular wave function for Example 2.

Solution

The unknown Fourier Coefficients a,, a,and b, can be computed based on Equations (2-4)
as follows

a, = ij f)a

4

a, = (21”)>< _E(—%)dt+ }(—t)dHT[—%Jdt

z z
2 2

a, = —0.78539753

a, = (%);‘i f(t)cos(hkw,t)dt

where
27
W, -
2z
o
Hence,

a, = (%)_]i f(¢)cos(kt)dt



or

a, = (%) f (— —j cos(kt)dt + j; cos(kt)dt + ]I— %) cos(kt)dt

-
2

Similarly,
b, = (%)_]i f(@)sin(kw,t)dt = (%):’i f(¢)sin(kt)dt

or,

V4

b, = (%j f (— %)sin(kt)dt + i(— t)sin(kt)dt + ]I— %j sin(kt)dt

2
The “integration by part” formula can be utilized to compute the second integral on the right-
hand-side of the above equations for a, and b, .

For k=12,..8, the Fourier coefficients a, and b, can be computed and summarized as
following in Table 1
Table 1 Fourier coefficients a, and b, for various k values.

k| a by

1 [0.999997 -0.63661936
2 10.00 -0.49999932
3 |-0.3333355 | 0.07073466

4 10.00 0.2499980

5 10.1999968 -0.02546389
6 |0.00 -0.16666356
7 |-0.14285873 | 0.0126991327
8 |0.00 0.12499578

The periodic function (shown in Example 1) can be approximated by Fourier series as
f(t)=a,+ > {a, cos(kt) +b, sin(kt)}
k=1

Thus, for £ =1, one obtains:
]_‘1 (t) = a, +a, cos(t) + b, sin(¢)
For £ =1— 2, one obtains:
£, (t) = a, + a, cos(t) + b, sin(t) + a, cos(2t) + b, sin(2¢)
Similarly, for £ =1— 4, one has:
f4 (t) = a, + a, cos(t) + b, sin(t) + a, cos(2t) + b, sin(2t) + a, cos(3¢t) + b, sin(3t)
+ a, cos(4t) + b, sin(4¢)
Plots for functions fl (1), ]_‘2 () and f, . (¢) are shown in Figure 4.
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Figure 4 Fourier approximated functions for Example 2.

It can be observed from Figure 4 that as more terms are included in the Fourier series, the
approximated Fourier functions closely resemble the original periodic function.

Complex Form of the Fourier Series

ix

Using Euler’s identity, e” = cos(x)+isin(x),and e
can be expressed in the exponential form as

= cos(x) —isin(x), the sine and cosine

sin(x) = % ="odd" function, since sin(x) = —sin(—x) (10)
1

cos(x) = ———— ="even" function, since cos(x) = cos(—x) (11)

Thus, the Fourier series (expressed in Equation 1) can be converted into the following form
© oot | ot eikwot _ e—ikwot
fO=a,+Y a| ————|+b| ———— (12)
k=1 2 2l
or
© a b i ; a b i
H=a,+» ™| by kx| ot Tk Tk oxC
f()(’,; (2 2iij 202 i
or, since i* = —1, one obtains
O —ib it +ib
[ =a,+> ™ (M) gL [uj (13)
P 2 2
Define the following constants
C, = a, (14)



(15)

Hence:

C, ="t "k (16)

Using the even and odd properties shown in Equations (3) and (4) respectively, Equation (16)

becomes

- b

C,= W% (17)
Substituting Equations (14), (15), (17) into Equation (13), one gets

f(t) = 50 + Zékeikw”’ + z&_kefik”'”’
k=1 k=1

—o0
~ ikwyt ~ikwyt
Ce™™ + E C.e

k=-1

—1
Ckeikwot + z Ckeikwnt

0 k=—c0

Il
8 IMS

b

i@e”‘w (18)

k=—0
The coefficient C , can be computed, by substituting Equations (3) and (4) into Equation (15)
to obtain

C, = GJGJ{ ! £(t)cos(kw,t)dt —i ! (0 sin(kwot)dt} (19)

_ GH} £t x[cos(kw,t) - isin(kwot)]dt}

Substituting Equations (10, 11) into the above equation, one gets

N 1\ (% gty gribmt ikt ikwyt
C, = (?j{ ! f(t)x{ i }dt}
- Gj{i f)x e-"’fWofdz} (20)

Thus, Equations (18) and (20) are the equivalent complex version of Equations (1)-(4).

References
[1] E.Oran Brigham, The Fast Fourier Transform, Prentice-Hall, Inc. (1974).

[2] S.C. Chapra, and R.P. Canale, Numerical Methods for Engineers, 4'h Edition, Mc-Graw
Hill (2002).

[3] W.H . Press, B.P. Flannery, S.A. Tenkolsky, and W.T. Vetterling, Numerical Recipies,
Cambridge University Press (1989), Chapter 12.




Chapter 11.02

[4] M.T. Heath, Scientific Computing, Mc-Graw Hill (1997).

[5] H. Joseph Weaver, Applications of Discrete and Continuous Fourier Analysis, John
Wiley & Sons, Inc. (1983).

FAST FOURIER TRANSFORM

Topic Continuous Fourier Series

Summary Textbook notes on continuous Fourier series
Major General Engineering

Authors  Duc Nguyen

Date July 25, 2010

Web Site  http://numericalmethods.eng.usf.edu




	Chapter 11.02
	Continuous Fourier Series
	Derivation of formulas for     and
	A FORTRAN Program for finding Fourier Coefficients  ,  , and
	Example 1
	Solution
	Example 2
	Solution
	Complex Form of the Fourier Series
	References


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile ()

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.3

  /CompressObjects /Off

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages false

  /CreateJobTicket false

  /DefaultRenderingIntent /RelativeColorimetric

  /DetectBlends false

  /DetectCurves 0.0000

  /ColorConversionStrategy /LeaveColorUnchanged

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams true

  /MaxSubsetPct 1

  /Optimize true

  /OPM 1

  /ParseDSCComments false

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage false

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness false

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Preserve

  /UCRandBGInfo /Remove

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

    /AgencyFB-Bold

    /AgencyFB-Reg

    /Algerian

    /Arial-Black

    /Arial-BoldItalicMT

    /Arial-BoldMT

    /Arial-ItalicMT

    /ArialMT

    /ArialNarrow

    /ArialNarrow-Bold

    /ArialNarrow-BoldItalic

    /ArialNarrow-Italic

    /ArialRoundedMTBold

    /ArialUnicodeMS

    /BaskOldFace

    /Bauhaus93

    /BellMT

    /BellMTBold

    /BellMTItalic

    /BerlinSansFB-Bold

    /BerlinSansFBDemi-Bold

    /BerlinSansFB-Reg

    /BernardMT-Condensed

    /BlackadderITC-Regular

    /BodoniMT

    /BodoniMTBlack

    /BodoniMTBlack-Italic

    /BodoniMT-Bold

    /BodoniMT-BoldItalic

    /BodoniMTCondensed

    /BodoniMTCondensed-Bold

    /BodoniMTCondensed-BoldItalic

    /BodoniMTCondensed-Italic

    /BodoniMT-Italic

    /BodoniMTPosterCompressed

    /BookAntiqua

    /BookAntiqua-Bold

    /BookAntiqua-BoldItalic

    /BookAntiqua-Italic

    /BookmanOldStyle

    /BookmanOldStyle-Bold

    /BookmanOldStyle-BoldItalic

    /BookmanOldStyle-Italic

    /BookshelfSymbolSeven

    /BradleyHandITC

    /BritannicBold

    /Broadway

    /BrushScriptMT

    /Calibri

    /Calibri-Bold

    /Calibri-BoldItalic

    /Calibri-Italic

    /CalifornianFB-Bold

    /CalifornianFB-Italic

    /CalifornianFB-Reg

    /CalisMTBol

    /CalistoMT

    /CalistoMT-BoldItalic

    /CalistoMT-Italic

    /Cambria

    /Cambria-Bold

    /Cambria-BoldItalic

    /Cambria-Italic

    /CambriaMath

    /Candara

    /Candara-Bold

    /Candara-BoldItalic

    /Candara-Italic

    /Castellar

    /Centaur

    /Century

    /CenturyGothic

    /CenturyGothic-Bold

    /CenturyGothic-BoldItalic

    /CenturyGothic-Italic

    /CenturySchoolbook

    /CenturySchoolbook-Bold

    /CenturySchoolbook-BoldItalic

    /CenturySchoolbook-Italic

    /Chiller-Regular

    /ColonnaMT

    /ComicSansMS

    /ComicSansMS-Bold

    /Consolas

    /Consolas-Bold

    /Consolas-BoldItalic

    /Consolas-Italic

    /Constantia

    /Constantia-Bold

    /Constantia-BoldItalic

    /Constantia-Italic

    /CooperBlack

    /CopperplateGothic-Bold

    /CopperplateGothic-Light

    /Corbel

    /Corbel-Bold

    /Corbel-BoldItalic

    /Corbel-Italic

    /Courant

    /Courant-Bold

    /Courant-BoldItalic

    /Courant-Italic

    /CourierNewPS-BoldItalicMT

    /CourierNewPS-BoldMT

    /CourierNewPS-ItalicMT

    /CourierNewPSMT

    /CurlzMT

    /EdwardianScriptITC

    /Elephant-Italic

    /Elephant-Regular

    /EngraversMT

    /ErasITC-Bold

    /ErasITC-Demi

    /ErasITC-Light

    /ErasITC-Medium

    /ESSTIXEight

    /ESSTIXEleven

    /ESSTIXFifteen

    /ESSTIXFive

    /ESSTIXFour

    /ESSTIXFourteen

    /ESSTIXNine

    /ESSTIXOne

    /ESSTIXSeven

    /ESSTIXSeventeen

    /ESSTIXSix

    /ESSTIXSixteen

    /ESSTIXTen

    /ESSTIXThirteen

    /ESSTIXThree

    /ESSTIXTwelve

    /ESSTIXTwo

    /EstrangeloEdessa

    /FelixTitlingMT

    /FootlightMTLight

    /ForteMT

    /FranklinGothic-Book

    /FranklinGothic-BookItalic

    /FranklinGothic-Demi

    /FranklinGothic-DemiCond

    /FranklinGothic-DemiItalic

    /FranklinGothic-Heavy

    /FranklinGothic-HeavyItalic

    /FranklinGothic-Medium

    /FranklinGothic-MediumCond

    /FranklinGothic-MediumItalic

    /FreestyleScript-Regular

    /FrenchScriptMT

    /Garamond

    /Garamond-Bold

    /Garamond-Italic

    /Gautami

    /Georgia

    /Georgia-Bold

    /Georgia-BoldItalic

    /Georgia-Italic

    /Gigi-Regular

    /GillSansMT

    /GillSansMT-Bold

    /GillSansMT-BoldItalic

    /GillSansMT-Condensed

    /GillSansMT-ExtraCondensedBold

    /GillSansMT-Italic

    /GillSans-UltraBold

    /GillSans-UltraBoldCondensed

    /GloucesterMT-ExtraCondensed

    /GoudyOldStyleT-Bold

    /GoudyOldStyleT-Italic

    /GoudyOldStyleT-Regular

    /GoudyStout

    /Haettenschweiler

    /HarlowSolid

    /Harrington

    /Helonia

    /Helonia-Bold

    /Helonia-BoldItalic

    /Helonia-Italic

    /HighTowerText-Italic

    /HighTowerText-Reg

    /Impact

    /ImprintMT-Shadow

    /InformalRoman-Regular

    /Intone-dIntonSILDoulosLBoldItalic

    /Ipa-samdUclphon1SILDoulosL

    /Ipa-samdUclphon1SILDoulosLBold

    /Ipa-samdUclphon1SILDoulosLBoldItalic

    /Ipa-samdUclphon1SILDoulosLItalic

    /Ipa-sammUclphon1SILManuscriptL

    /Ipa-sammUclphon1SILManuscriptLBold

    /Ipa-sammUclphon1SILManuscriptLBoldItalic

    /Ipa-sammUclphon1SILManuscriptLItalic

    /Ipa-samsUclphon1SILSophiaL

    /Ipa-samsUclphon1SILSophiaLBold

    /Ipa-samsUclphon1SILSophiaLBoldItalic

    /Ipa-samsUclphon1SILSophiaLItalic

    /Jokerman-Regular

    /JuiceITC-Regular

    /Kartika

    /KristenITC-Regular

    /KunstlerScript

    /Latha

    /LatinWide

    /LucidaBright

    /LucidaBright-Demi

    /LucidaBright-DemiItalic

    /LucidaBright-Italic

    /LucidaCalligraphy-Italic

    /LucidaConsole

    /LucidaFax

    /LucidaFax-Demi

    /LucidaFax-DemiItalic

    /LucidaFax-Italic

    /LucidaHandwriting-Italic

    /LucidaSans

    /LucidaSans-Demi

    /LucidaSans-DemiItalic

    /LucidaSans-Italic

    /LucidaSans-Typewriter

    /LucidaSans-TypewriterBold

    /LucidaSans-TypewriterBoldOblique

    /LucidaSans-TypewriterOblique

    /LucidaSansUnicode

    /Magneto-Bold

    /MaiandraGD-Regular

    /Mangal-Regular

    /MaplePi

    /Mathematica1

    /Mathematica1-Bold

    /Mathematica1Mono

    /Mathematica1Mono-Bold

    /Mathematica2

    /Mathematica2-Bold

    /Mathematica2Mono

    /Mathematica2Mono-Bold

    /Mathematica3

    /Mathematica3-Bold

    /Mathematica3Mono

    /Mathematica3Mono-Bold

    /Mathematica4

    /Mathematica4-Bold

    /Mathematica4Mono

    /Mathematica4Mono-Bold

    /Mathematica5

    /Mathematica5-Bold

    /Mathematica5Mono

    /Mathematica5Mono-Bold

    /Mathematica6

    /Mathematica6Bold

    /Mathematica6Mono

    /Mathematica6MonoBold

    /Mathematica7

    /Mathematica7Bold

    /Mathematica7Mono

    /Mathematica7MonoBold

    /MaturaMTScriptCapitals

    /MicrosoftSansSerif

    /Mistral

    /Modern-Regular

    /MonotypeCorsiva

    /MS-Mincho

    /MSOutlook

    /MSReferenceSansSerif

    /MSReferenceSpecialty

    /MT-Extra

    /MVBoli

    /NiagaraEngraved-Reg

    /NiagaraSolid-Reg

    /Nina

    /Nina-Bold

    /OCRAExtended

    /OldEnglishTextMT

    /Onyx

    /PalaceScriptMT

    /PalatinoLinotype-Bold

    /PalatinoLinotype-BoldItalic

    /PalatinoLinotype-Italic

    /PalatinoLinotype-Roman

    /Papyrus-Regular

    /Parchment-Regular

    /Perpetua

    /Perpetua-Bold

    /Perpetua-BoldItalic

    /Perpetua-Italic

    /PerpetuaTitlingMT-Bold

    /PerpetuaTitlingMT-Light

    /Playbill

    /PoorRichard-Regular

    /Pristina-Regular

    /Raavi

    /RageItalic

    /Ravie

    /Rockwell

    /Rockwell-Bold

    /Rockwell-BoldItalic

    /Rockwell-Condensed

    /Rockwell-CondensedBold

    /Rockwell-ExtraBold

    /Rockwell-Italic

    /SassoonPrimaryInfantBold

    /SassoonPrimaryInfantRegular

    /SassoonPrimaryTypeBold

    /SassoonPrimaryTypeRegular

    /ScriptMTBold

    /SegoeCondensed

    /SegoeCondensed-Bold

    /SegoeUI

    /SegoeUI-Bold

    /SegoeUI-BoldItalic

    /SegoeUI-Italic

    /ShowcardGothic-Reg

    /Shruti

    /SnapITC-Regular

    /Sshlinedraw

    /Stencil

    /Sylfaen

    /SymbolMT

    /SymbolPi-Normal

    /Tahoma

    /Tahoma-Bold

    /TempusSansITC

    /Thames

    /Thames-Bold

    /Thames-BoldItalic

    /Thames-Italic

    /TimesNewRomanPS-BoldItalicMT

    /TimesNewRomanPS-BoldMT

    /TimesNewRomanPS-ItalicMT

    /TimesNewRomanPSMT

    /Trebuchet-BoldItalic

    /TrebuchetMS

    /TrebuchetMS-Bold

    /TrebuchetMS-Italic

    /Tunga-Regular

    /TwCenMT-Bold

    /TwCenMT-BoldItalic

    /TwCenMT-Condensed

    /TwCenMT-CondensedBold

    /TwCenMT-CondensedExtraBold

    /TwCenMT-Italic

    /TwCenMT-Regular

    /Verdana

    /Verdana-Bold

    /Verdana-BoldItalic

    /Verdana-Italic

    /VinerHandITC

    /Vivaldii

    /VladimirScript

    /Vrinda

    /Webdings

    /Wingdings2

    /Wingdings3

    /Wingdings-Regular

    /WP-ArabicScriptSihafa

    /WP-ArabicSihafa

    /WP-BoxDrawing

    /WP-CyrillicA

    /WP-CyrillicB

    /WP-GreekCentury

    /WP-GreekCourier

    /WP-GreekHelve

    /WP-HebrewDavid

    /WP-IconicSymbolsA

    /WP-IconicSymbolsB

    /WP-Japanese

    /WP-MathA

    /WP-MathB

    /WP-MathExtendedA

    /WP-MathExtendedB

    /WP-MultinationalAHelve

    /WP-MultinationalARoman

    /WP-MultinationalBCourier

    /WP-MultinationalBHelve

    /WP-MultinationalBRoman

    /WP-MultinationalCourier

    /WP-Phonetic

    /WPTypographicSymbols

    /ZWAdobeF

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages false

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.00000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages false

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.00000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages false

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.00000

  /EncodeMonoImages true

  /MonoImageFilter /FlateEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile (GRACoL2006_Coated1v2)

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<

    /ENU ([Based on 'Lulu'] Use these settings to create Adobe PDF documents best suited for Lulu's printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /BleedOffset [

        0

        0

        0

        0

      ]

      /ConvertColors /NoConversion

      /DestinationProfileName (GRACoL2006_Coated1v2)

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /ClipComplexRegions true

        /ConvertStrokesToOutlines false

        /ConvertTextToOutlines false

        /GradientResolution 300

        /LineArtTextResolution 1200

        /PresetName ([High Resolution])

        /PresetSelector /HighResolution

        /RasterVectorBalance 1

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MarksOffset 6

      /MarksWeight 0.250000

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PageMarksFile /RomanDefault

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

    <<

      /AllowImageBreaks true

      /AllowTableBreaks true

      /ExpandPage false

      /HonorBaseURL true

      /HonorRolloverEffect false

      /IgnoreHTMLPageBreaks false

      /IncludeHeaderFooter false

      /MarginOffset [

        0

        0

        0

        0

      ]

      /MetadataAuthor ()

      /MetadataKeywords ()

      /MetadataSubject ()

      /MetadataTitle ()

      /MetricPageSize [

        0

        0

      ]

      /MetricUnit /inch

      /MobileCompatible 0

      /Namespace [

        (Adobe)

        (GoLive)

        (8.0)

      ]

      /OpenZoomToHTMLFontSize false

      /PageOrientation /Portrait

      /RemoveBackground false

      /ShrinkContent true

      /TreatColorsAs /MainMonitorColors

      /UseEmbeddedProfiles false

      /UseHTMLTitleAsMetadata true

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [1200 1200]

  /PageSize [612.000 792.000]

>> setpagedevice



