Chapter 08.02

Euler’'s Method for Ordinary Differential Equations-
More Examples

Civil Engineering

Example 1

A polluted lake has an initial concentration of a bacteria of 10’ parts/m’, while the

acceptable level is only 5x10° parts/m”. The concentration of the bacteria will reduce as

fresh water enters the lake. The differential equation that governs the concentration C of the

pollutant as a function of time (in weeks) is given by
%+ 0.06C =0, C(0)=10"
Using Euler’s method and a step size of 3.5 weeks, find the concentration of the pollutant

after 7 weeks.

Solution
€ _ _o.06c
dt
f(z,C)=-0.06C

The Euler’s method reduces to
Cin=¢ +f(tnci)h
Fori=0,1t,=0, C, =10’
C =C, "‘f(thCo)h
=107 + /(0,107 B.5
=107 +(-0.06(107)B.5
=107 +(-6x10°B.5
=7.9x10°parts/m’
C, is the approximate concentration of bacteria at
t=t =t,+h=0+3.5=3.5weeks
C(3.5) ~C, =7.9x10° parts/m’
Fori=1,¢=35,C =79x10°
¢ =G +f(t1’C1)h
=7.9x10° + £(3.5,7.9x10° B.5
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=7.9x10° +(~0.06(7.9x10°) B.5
=7.9x10° +(~4.74x10° B.5
=6.241x10° parts/m’
C, is the approximate concentration of bacteria at
t=t, =t +h=35+3.5=7weeks
C(7)= C, = 6.241x10° parts/m’

The exact solution of the ordinary differential equation is given by

-3t
Ct)=1x 1076(Ej
The solution to this nonlinear equation at ¢ = 7 weeks is
C(7) = 6.5705x10° parts/m’

Figure 1 compares the exact solution with the numerical solution from Euler’s method for the
step size of h =3.5.
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Figure 1 Comparing exact and Euler’s method.

The problem was solved again using smaller step sizes. The results are given below in
Table 1.
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Table 1 Concentration of bacteria after 7 weeks as a function of step size, 4.

step 0
size, h c(7) Ey €%
7 5.8%x10° 770470 11.726
35 6.241%x10° 329470 5.0144

1.75 6.4164%x10° | 154060 2.3447
0.875 6.4959%x10° | 74652 1.1362
0.4375 | 6.5337x10° | 36763 0.55952

Figure 2 shows how the concentration of bacteria varies as a function of time for different
step sizes.
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Figure 2 Comparison of Euler’s method with exact solution for different step
sizes.

While the values of the calculated concentration of bacteria at ¢ = 7 weeks as a function of
step size are plotted in Figure 3.
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Figure 3 Effect of step size in Euler’s method.
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