Chapter 05.04
Lagrangian Interpolation — More Examples
Chemical Engineering

Example 1

To find how much heat is required to bring a kettle of water to its boiling point, you are
asked to calculate the specific heat of water at 61°C. The specific heat of water is given as a

function of time in Table 1.

Table 1 Specific heat of water as a function of temperature.
Temperature, T | Specific heat, C )
) J
kg -°C

22 4181
42 4179
52 4186
82 4199
100 4217
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Figure 1 Specific heat of water vs. temperature.

Determine the value of the specific heat at 7 = 61°C using a first order Lagrange
polynomial.

Solution

For first order Lagrange polynomial interpolation (also called linear interpolation), the
specific heat is given by

C,(T) =Y L,(1)C,(T))

=L, (1)C,(Ty) + L(T)C (1))
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Since we want the velocity at 7 =61°C, we need to choose the two data points that are
closest to 7= 61°C that also bracket 7'=61°C to evaluate it. The two points are 7 =52
and 7, =82.

Then

gives

Hence

T, =52, C,(T,)=4186
T,=82,C,(T)=4199

L T-T,
Ly(T)= -
’ HTO—TJ.
Jj#0
-1
I, -1,
1 - .
L(T)= /
1 HTI_T_/
Jj#l
_T_To
I, =T,
T-T, T-T
C,(T)= LC,(Ty)+ °©C,(T,)
To_ 1 Tl_ 0
_I=8 (4186) + r=52 (4199), 52 < T <82
52-82 82-52
61—82 61—52
C,(61) = 4186) + 4199
»(D 52—82( ) 82—52( )
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=0.7(4186) +0.3(4199)
J
kg —°C
You can see that L,(7) =0.7 and L,(T) = 0.3 are like weightages given to the specific heats
at T =52 and T =82 to calculate the specific heat at 7 = 61.

=4189.9

Example 2

To find how much heat is required to bring a kettle of water to its boiling point, you are
asked to calculate the specific heat of water at 61°C. The specific heat of water is given as a

function of time in Table 2.

Table 2 Specific heat of water as a function of temperature.
Temperature, T | Specific heat, C )

© | e

22 4181
42 4179
52 4186
82 4199
100 4217

Determine the value of the specific heat at 7 =61°C using a second order Lagrange

polynomial. Find the absolute relative approximate error for the second order polynomial
approximation.

Solution
For second order Lagrange polynomial interpolation (also called quadratic interpolation), the
specific heat given by

Cp(T)=ZLi(T)Cp(T,-)

=L, (1)C,(Ty) + Li(T)C ,(T)) + L, (T)C , (T;)
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Figure 3 Quadratic interpolation.

Since we want to find the specific heat at 7 = 61°C, we need to choose the three data points
that are closest to 7'=61°C that also bracket 7' = 61°C to evaluate it. The three points are
T,=42, T, =52 and T, =82.
Then

T, =42, C,(T,)=4179

T, =52, C,(I})=4186

T, =82, C,(1,)=4199

gives
2 - .

Tr-T
Ly(T)= f
=117,

J

Jj#0

(T-T, (T-T,
TO_TI To_Tz
T
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Hence
-1, | T-T, -1, \( T-T, -7, \ T-T,
cpm:[To _le[To - ]c,,m){ﬂ = j(T . jcpm{n = j(T _Tl]cp@),
I,<T<T,
C (61)= (61-52)(61-82) (4179) + (61-42)(61-82) (4186) + (61-42)(61-52) (4199)
r (42 -52)(42-82) (52-42)(52-82) (82 -42)(82-52)
=(—-0.4725)(4179) + (1.33)(4186) + (0.1425)(4199)
=4191.2 J
kg —°C

The absolute relative approximate error obtained between the results from the first and

Ea
second order polynomial is
4191.2-4189.9|
41912 |
=0.030063%

x 100

EKJ

Example 3

To find how much heat is required to bring a kettle of water to its boiling point, you are
asked to calculate the specific heat of water at 61°C. The specific heat of water is given as a

function of time in Table 3.

Table 3 Specific heat of water as a function of temperature.
Temperature, T | Specific heat, C )
) J
kg -°C

22 4181
42 4179
52 4186
82 4199
100 4217

Determine the value of the specific heat at 7 =61°C wusing a third order Lagrange

polynomial. Find the absolute relative approximate error for the third order polynomial
approximation.

Solution

For third order Lagrange polynomial interpolation (also called cubic interpolation), we
choose the specific heat given by

C,(T)= ZLi (T)C,(T,)

=L, (1)C,(Ty) + Li(T)C ,(T)) + L, (T)C, (T,) + Ly (T)C , (T5)
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Figure 4 Cubic interpolation.

Since we wish to find the velocity at 7' = 61°C, we need to choose four data points that are
closestto 7= 61°C and bracket 7= 61°C to evaluate it. The four data points are 7, = 42,

T, =52, T, =82 and T, =100. (Choosing the four points as 7, =22, 7, =42, T, =52 and
T, =82 is equally valid.)

Then

gives

T, =42, C,(T,)=4179
T, =52, pan 4186
T, =82, C,(1,)=4199
T, =100, C,(T;)=4217

3

T-T,.
LO(T)ZH .
oI, —T

j=0 to — 4,
Jj#0
(T-T,\T-T, T-T,
TO_TI To_Tz TO_T3
3 T-T.
L1(T):H ’
jonl_Tj

Jj#l

(r-1,YT-T, ) T-T,
L-T)\T,-T, \T, =T,
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3 —

Lz(T):HT ]{

j=0 L2 74
J#2

(r-1,\1-1, Y T-T,
Tz _To Tz _Tl Tz _T3
3 _

T-T,.
L3(T):HT ]f

=043 T4y
J#3

(T-T,T-T,\T-T
Ts_To Ta_Tl T3_T2

S5}

Hence
-7, \T-T, \( T-T, T-T,
e e P P (= =
Tl el e
r,-T, \T,-T, \T, —T. T, -T
T, <
W(16) = (61-52)(61-82)(61-100) (4179) + (61-42)(61-82)(61—-100) (4186)

(42 —52)(42 —82)(42-100)
N (61—-42)(61-52)(61-100) (4199) + (61-42)(61-52)(61—-82) (4217)
(82 —-42)(82—-52)(82—-100) (100 —42)(100 — 52)(100 — 82)
=(—0.31772)(4179) + (1.0806)(4186) + (0.30875)(4199) + (—0.071659)(4217)
J
kg—-°C
The absolute relative approximate error

(52— 42)(52 —82)(52 —100)

=4190.0

obtained between the results from the second

€

a

and third order polynomial is
_|4190.0 - 4191.2|

= x100
7 41900 |

=0.027295%
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