Chapter 03.00A

Physical Problem for Nonlinear Equations
General Engineering

Problem Statement

You are working for ‘DOWN THE TOILET COMPANY’ that makes floats for ABC
commodes. The ball has a specific gravity of 0.6 and has a radius of 5.5 cm. You are asked
to find the depth to which the ball will get submerged when floating in water (see Figure 1).

Water

Figure 1 Depth to which the ball is submerged in water
Solution

According to Newton’s third law of motion, every action has an equal and opposite reaction.
In this case, the weight of the ball is balanced by the buoyancy force (Figure 2).

Weight of ball = Buoyancy force (1)
The weight of the ball is given by
Weight of ball = (Volume of ball) x (Density of ball) x (Acceleration due to gravity)

=(§7rR3)(p,, Xe) @)

where
R =radius of ball (m),

p = density of ball (kg/m*),
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g = acceleration due to gravity (m/s2 )
The buoyancy force' is given by
Buoyancy force = Weight of water displaced
= (Volume of ball under water) (Density of water)
(Acceleration due to gravity)

=7zx2[R —gjpwg 3)

where
x = depth to which ball is submerged,
p,, = density of water.

Weight of ball

Buoyaiy force

Figure 2 Free Body Diagram showing the forces acting on the ball immersed in water

Now substituting Equations (2) and (3) in Equation (1),

4 X
5”R3pbg = ﬂxz(R _Ejpwg

4R’p, =3x* (R —g)pw

4R p, —=3x’Rp,, +x’p, =0

AR LY 3% R4 %3 =0
P,

4Ry, =3x’R+x’ =0 “4)
where
the specific gravity of the ball, y, is given by

YV = = %)
p.,

Given
R=55cm=0.055m,

7, =0.6,and
substituting in Equation (4), we get

! The derivation of the volume of the ball submerged under water is given in the appendix.
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4(0.055)*(0.6) —3x%(0.055) + x* =0
3.993x107* —0.165x* +x* =0 (6)

The above equation is a nonlinear equation. Solving it would give us the value of “ x °, that
is, the depth to which the ball is submerged under water.

Appendix A

Derivation of the formula for the volume of a ball submerged under water.
How do you find that the volume of the ball submerged under water as given by

2
o (3r—h) )
3
where
r = radius of the ball,
h = height of the ball to which the ball is submerged.
From calculus,
V= [ Adx (&)

r—h
where A is the cross-sectioned area at a distance x from the center of the sphere. The lower
limit of integration is x = r — A as that is where the water line is

Figure 3  Deriving the equation for volume of ball under water

and the upper limit is 7 as that is the bottom of the sphere. So, what is the A at any location
X.
From Figure 3, for a location x,

OB=x,

OAd=r,

AB =~04> - OB*
=\rr—x*. 9)

and AB is the radius of the area at x. So at location B is

then
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A=rn(AB)’ 27[(1’2 —xz) (10)
SO
V= rﬂ(rz —xz)dx
r—h

SLLE L (11)
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! The derivation of the volume of the ball submerged under water is given in the appendix.
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